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The quark
〈
ψ¯ψ
〉
and gluon 〈FµνF
µν〉 vacuum expectation values are non-vanishing at low orders in αs when
the perturbative ground state includes quark and gluon pairs. This offers possibilities of studying the effects of a
non-trivial vacuum using formally exact perturbative methods. The QCD Feynman rules are modified only for the
free, on-shell quark and gluon propagators at zero four-momentum. Gauge and lorentz invariance is maintained,
while chiral symmetry is spontaneously broken by the ground state.
1. THE GROUND STATE
The perturbative expansion is the basis of most
comparisons of gauge field theories with data, and
is used to establish general properties like analyt-
icity and factorization of scattering amplitudes.
The expansion is determined by the lagrangian L
together with
(a) The renormalization scheme (Q2 →∞)
(b) The perturbative ground state (Q2 → 0)
While the dependence on the short-distance regu-
larization (a) has been thoroughly studied, I find
it surprising that little attention is paid to the
starting point (b) of the expansion. The essen-
tial difference between QED and QCD is believed
to lie in the nature of the QCD vacuum. The
poor approximation provided by the empty per-
turbative vacuum of the quark and gluon conden-
sates is a potential reason that perturbative QCD
(PQCD) fails to describe long-distance phenom-
ena.
It may be argued that PQCD is in any case
inadequate at long distance due to the large size
of the strong coupling αs. While this possibility
cannot be excluded, it is not a sufficient reason
for neglecting to consider alternative choices of
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the perturbative vacuum. PQCD with a non-
empty ground state could serve as a model to
improve our understanding of vacuum effects (in-
cluding confinement). Furthermore, analyses of
data [1] indicate that the strong coupling freezes
at a value αs(Q
2 = 0) ≃ 0.5. At a more qual-
itative level, the hadron spectrum shares many
features with the hydrogen atom. Thus quark
degrees of freedom and PQCD appear to be rele-
vant in the confinement region [2] – but attention
needs to be paid to the choice of ground state.
The perturbative expansion is based on using
free |in〉 and 〈out| states at asymptotic times,
t = ±∞. Formally, any choice of asymptotic state
that has an overlap with the true ground state is
allowed, since the state will relax to the ground
state during its evolution to finite t. At zeroth
order in αs the free asymptotic state is an eigen-
state of the hamiltonian and thus constitutes the
perturbative ground state at all times.
In path integral derivations of the perturbative
expansion the choice of an empty perturbative
vacuum is usually made implicitly. The depen-
dence on the wave function of the asymptotic
state can be made explicit by first considering a
finite time interval, −T ≤ t ≤ T , and then taking
the T → ∞ limit [3]. Thus the generating func-
tional of a free scalar field (in 0+1 dimensions, to
keep the notation simple)
Z0[J ] =
∫
D[φ] exp
{
i
∫
dt [L0(φ) + J(t)φ(t)]
}
2becomes
Z0[J ] =
∫
D[φ(t)] exp
{
−i
2
∫ T
−T
dt
φ(t)
[
∂2
∂t2
+m2
]
φ(t) + i
∫ T
−T
dt J(t)φ(t)
−
Cs
2
[
φ2(−T ) + φ2(T )
]}
(1)
where the path integral is over φ(−T ≤ t ≤ T ).
The wave functions at t = ±T should not in-
clude interactions and thus are gaussian. The
ground (empty) state of this harmonic oscillator
system has Cs = m. Other choices of Cs can be
seen as superpositions of states with particle pairs
through an expansion in powers of (Cs −m)φ
2.
In the T → ∞ limit the free generating func-
tional (1) becomes
Z0[J ] = exp
{
−
1
2
∫ ∞
−∞
dE
2π
J(−E)
[
i
E2 −m2 + iε
+
(
Cs
m
− 1
)
πδ(E2 −m2)
]
J(E)
}
(2)
Thus only the on-shell part of the free propaga-
tor is modified when Cs 6= m. This is natural
since on-shell propagation is required to feel the
boundary conditions at t = ±∞. It is also im-
portant to note that the generating functional of
the interacting theory,
Z[J ] = exp
[
iSint
(
δ
iδJ
)]
Z0[J ] (3)
defines the feynman rules in terms of standard
interaction vertices and the free propagator of Eq.
(2). Hence the perturbative expansion is modified
only by the additional term ∝ Cs−m in the free,
on-shell propagator.
The above method can be trivially extended to
3+1 dimensions. The freedom in choosing asymp-
totic states allows the addition of pairs with non-
vanishing relative three-momentum [4]. Lorentz
symmetry is restored due to the relaxation of the
asymptotic state to the (lorentz invariant) ground
state. In this case the perturbative expansion will
not, however, be lorentz invariant order by order.
Adding pairs only for massless fields with ~p = 0
retains lorentz invariance order by order in αs and
is thus an attractive option [5].
Similar considerations show [3,5] that the
PQCD expansion is modified only through the
on-shell quark and gluon propagators,
SABq (p) = δ
AB
[
ip/
p2 + iε
+ Cq(2π)
4δ4(p)
]
(4)
Dab,µνg (p) = −g
µνδab
[
i
p2 + iε
+ Cg(2π)
4δ4(p)
]
(5)
The constants Cq and Cg determine the density
of qq¯ and gluon pairs in the perturbative ground
state and are the only parameters allowed by
this generalization of PQCD. The corresponding
modification of the ghost propagator is irrelevant
since the ghost-gluon vertex is proportional to the
ghost momentum.
.
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Figure 1. (a) The only diagram which contributes
to 〈FµνF
µν〉 at O
(
g2
)
. The gluon condensate
term ∝ Cg in (5) is taken in both loops. (b)
Quark propagator correction. (c,d) Gluon propa-
gator corrections.
2. PHYSICAL EFFECTS
The modifications (4), (5) of the quark and
gluon propagators change the analytic structure
of scattering amplitudes. This reflects scatter-
ing on the on-shell partons in the perturbative
ground state. Such scattering also affects quarks
and gluons propagating in the condensates of
the true QCD vacuum. PQCD with quark and
gluon pairs in the perturbative vacuum may thus
3serve as a model of QCD vacuum effects in feyn-
man diagrams. It is of particular interest to find
the eigenstates of propagation in the perturbative
vacuum, which can serve as external states in the
S-matrix.
The quark propagator (4) gives a finite quark
condensate already at zeroth order in perturba-
tion theory,〈
ψ(x)ψ(x)
〉
= −4NCq (6)
whereN is the number of colors. Thus chiral sym-
metry is spontaneously broken by the asymptotic
state.
In the case of the 〈FµνF
µν〉 expectation value
the O
(
g0
)
contribution vanishes since the free
part of Fµν = ∂µAν − ∂νAµ − gfabcA
b
µA
c
ν is pro-
portional to the gluon momentum. Furthermore,
at O
(
g2
)
the gluon loop integrals vanish (when
dimensionally regularized) due to the absence of
a mass or momentum scale. This leaves only the
two-loop diagram involving a 4-gluon coupling
(Fig. 1a), with the Cg part of the propagator
taken in both loops. The result is [5]
〈Fµν(x)F
µν(x)〉 = 12g2N(N2 − 1)C2g (7)
The gluon condensate thus arises specifically from
the non-abelian 4-gluon interaction.
The quark propagator correction shown in Fig.
1b gets a contribution from both the quark con-
densate term Cq in (4) (k = 0) and from the
gluon propagator modification Cg of (5) (k = p).
Only the former breaks chiral symmetry and thus
generates a proper ‘constituent’ quark mass [3],
Mq =
(
4g2CF |Cq|
)1/3
(8)
which then gets a correction from the gluon con-
densate term Cg.
The sum of the gluon propagator corrections
shown in Figs. 1c,d has the transverse structure
required by gauge invariance. At order g2 the
gluon mass
M2g = −2g
2NCg (9)
is tachyonic [4,5] if Cg > 0.
The present framework allows a perturbative
demonstration of how the pion (goldstone) mass
p p
µ µν ν
(a) (b)
Figure 2. Corrections to the color singlet (axial)
vector current. A third diagram where the gluon
couples to the antiquark is not shown.
vanishes in spite of the constituent quark mass
generated by corrections like Fig. 1b. The van-
ishing of the pion mass is a consequence of the
general relation
〈0|Jµ
5
(x)|π(p)〉 = −ipµfpi exp(−ip · x) (10)
and the conservation of the axial vector current,
∂µJ
µ
5
(x) = 0 when mq = 0. The O
(
g2
)
quark
mass correction to the divergence of the axial vec-
tor propagator shown in Fig. 2a is exactly can-
celled by the quark interaction term of Fig. 2b
[3].
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